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A charged particle in the presence of a magnetic field is studied in the position dependent operator
formalism. Instead of a quantum harmonic oscillator, the solution of the resulting Schro¨dinger-like
equation is the one for the Morse oscillator. The anharmonicity that shows up naturally from the
theory is analogous to the corrections introduced by relativistic ones.The degeneracy of the spin up
and down levels is lifted due to the non-Euclidean space. It is shown that the Fermi energy and the
total ground state energy of the 2DEG is also modified.
PACS numbers: 73.20.-r, 73.43.-f, 85.75.-d
In a two dimensional electron gas with a perpendicular
applied magnetic field the electrons are trapped in orbits
and move with a frequency that depends on the applied
magnetic field. The electron motion is quantized with
energies given by En = ~ωc(n+ 1/2), where ωc is the cy-
clotron frequency of the electron. The levels are equally
spaced and separated by ∆E = ~ωc. These are the well
known Landau Levels (LLs). The density of states of
these LLs are delta functions. However, the experiments
show that the in real systems various scattering processes
give rise to an energy spread in the Landau levels, result-
ing from the finite lifetime of electrons in a given state.
Even when such effect are not considered, the LLs are
split due to the spin. This spin splitting is introduced
through the Zeeman term in the Hamiltonian where each
Landau level splits into a pair, one for spin up electrons
and the other for spin down electrons.
Despite its obvious applicability in semiconductors the-
ory and the source to the discover of the quantum Hall
effect[1], the above described system has been used to test
theories outside the realm of condensed matter. More
precisely, quantum gravity and black holes[2]. Besides
using condensed matter systems as a lab test, these the-
ories has is common the fact they used a more general
Heisenberg uncertainty.
The Heisenberg uncertainty principle is one of the fun-
damental relation of the Quantum Mechanics. This re-
lation imposes a lower limit for the product of the un-
certainties in position and momentum spaces; the deter-
mination of the exact position of a particle requires an
infinite momentum uncertainty. Despite its importance
in the conventional Quantum Mechanics, the Heisenberg
relation should be replaced by a more general relation
in the limit of distances of the order of Planck length
(lP =
√
(G~/c3) ≈ 10−35m) where gravitational effects
play an important role [3].
A possible way to include the effects of gravity in
quantum mechanics is to modify the canonical commu-
tation relation between position and momentum opera-
tors considering that there exists a minimal length. That
leads to the Generalized uncertainty principle (GUP)
∆x∆p ≥ ~[1 + αal2p(∆p)2/~]. For instance, S. Benczik
et al [4] studied the effects of GUP in the Hydrogen
atom and obtained the energy spectrum of the Coulomb
potential both numerically and perturbatively for arbi-
trary values of α. Pedram [5] showed that the presence
of the maximal momentum results in upper bounds on
the energy spectrum of the free particle and the particle
in box. In 2018, Bosso [6] derived the necessary form
of the Legendre transformation to connect Hamiltonian
and Lagrangian functions with a minimal length. He an-
alyzed the harmonic oscillator and Kepler’s problem, and
how these potentials are transformed from one formalism
to the other. Other interesting works about GUP can be
found in references[7–12].
In addition to a minimum length, a minimum momen-
tum has been included in the generalized uncertainty
principle to turn it more symmetric. It turns out that
this term is called the extended uncertainty principle
∆x∆Px ≥ ~[1 + β2(∆x)2/l2] where β is a constant and l
is a length scale and it has been proposed to investigate
deSitter black holes thermodynamics [13–16].
Recently, Costa Filho et al. [17] were able to de-
rive the extended uncertainty principle (EUP) from first
principles. They consider a distance between two points
given by ds2 =
∑
µ gµµdµdµ, where µ = x, y, z. gµµ is
an element of a diagonal metric of the non-Euclidean
space considered. In this space, a particle goes from
point x to x+ g
−1/2
xx dx through the translation operator
Tg(dx) |x〉 =
∣∣∣x+ g−1/2xx dx〉, where g−1/2xx is a function of
position can be Taylor expanded as g
−1/2
xx =
∑∞
n=0 anx
n
[18, 19].
In this context of the position dependent translation
operator (PDTO) formalism, the above-mentioned prob-
lem of an electron moving in the presence of a magnetic
field is studied using the Hamiltonian
H =
1
2me
(P + eA) · (P + eA) , (1)
with Pν = −i~g−1/2νν ∂∂ν [18], where the gij is the metric
under consideration.
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2It is important to show that Eq. (1) is invariant under
a transformation of the vector potential
A′ = A−∇Λ, (2)
where Λ = Λ (x, y). Taking the equation below(
−i~g−1/2νν
∂
∂ν
+ eA′ν
)
U(x, y, t)ψ(x, y, t) (3)
where ψ(x, y, t) is the eigenfunction of the Hamiltonian
(1) and U(x, y, t) is the operator that transforms ψ into
ψ′, i.e., ψ′ = Uψ. One can use U = u(t)ef(x)eh(y) to
show that(
−i~g−1/2νν
∂
∂ν
+ eA′ν
)
Uψ = U
(
−i~g−1/2νν
∂
∂ν
+ eAν
)
ψ,
(4)
for
df
dx
=
e
i~
1
g
−1/2
xx
∂Λ
∂x
, (5)
and
dh
dy
=
e
i~
1
g
−1/2
yy
∂Λ
∂y
, (6)
thus, making an appropriate change from ψ to a newly
defined ψ′ we can restore the equation to its original form,
and thus show the gauge invariance of the particle’s equa-
tion of motion.
Consider now the Landau gauge A = (0, Bx, 0), Eq.
(2) becomes
H =− ~
2
2me
g−1/2xx
∂
∂x
(
g−1/2xx
∂
∂x
)
+
meω
2
cx
2
2
− ~
2
2me
g−1/2yy
∂
∂y
(
g−1/2yy
∂
∂y
)
− i~ωcxg−1/2yy
∂
∂y
, (7)
where ωc = eB/me is the cyclotron frequency.
The eigenvalue equation for Hamiltonian (7),
HΨ(x, y) = EΨ(x, y), writing Ψ(x, y) = eiky
∫
g1/2yy dyψ(x)
reads
− ~
2
2me
g−1/2xx
d
dx
(
g−1/2xx
d
dx
)
ψ(x)+
meω
2
c
2
(
x+
~ky
meωc
)2
ψ(x) = Eψ(x). (8)
The solution can be written as
Ψ(x, y) = eiky
∫
g1/2yy dyφ(x− x0), (9)
where x0 = −~ky/meωc = l20ky, and l0 =
√
~/eB is a
length scale called magnetic length.
For a metric expanded to the first order in x, g
−1/2
xx =
[1 + γ (x− x0)]. Here we define γ = √g∗/l0 where g∗
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FIG. 1: The wavefunction amplitude for the first four levels.
The solid line is for the parameter g∗ = 0.25, the dashed line
is for g∗ = 0. The magnetic field used was B = 1T
is a dimensionless constant, and the appropriated length
scale for the problem is the magnetic length.
The eigenfunction is given by
Ψ(η, y) =Ane
iky
∫
g1/2yy dy
(
2
g∗
e
√
g∗η/l0
)s
×
exp
[
−1
2
(
2
g∗
e
√
g∗η/l0
)]
L2sn
(
2
g∗
e
√
g∗η/l0
)
,
(10)
where η = (l0/
√
g∗) ln [1 +
√
g∗ (x− x0) /l0], s = 1/g∗ −
(n+ 1/2), L2sn is the generalized Laguerre polynomial,
and An is the normalization constant. The wave func-
tion amplitude depends on g∗ and B. For two different
values of g∗ and a fixed value of the magnetic field, Fig-
ure 1 shows that dependence. For g∗ = 0, the system’s
wave function is exactly the one for the quantum har-
monic oscillator, while considering g∗ = 0.25 the wave
function loses its symmetry around η = 0. In Figure 2 a
contour plot of the wave function amplitude is shown for
a fixed value of g∗ with a varying magnetic field. As the
magnetic field increases the particle gets more confined.
The eigenvalues of the above functions are the energies
En = ~ωc
(
n+
1
2
)[
1− g
∗
2
(
n+
1
2
)]
, (11)
As one can see, the levels are not equally spaced and the
difference between them decreases as n increases.
∆En+1,n = ~ωc [1− g∗(n+ 1)] . (12)
The number of electronic states of the 2DEG without the
magnetic field has to be equal to the number of states
when the field is turned on. Therefore, one can show
that the number of electrons per unit area in a level n is
given by
3FIG. 2: The dependence of the wave function on the mag-
netic field. The amplitude increases from black to white.
NB = B
φ0
[1− g∗(n+ 1)], (13)
where φ0 is a flux quantum for a pair of electrons. The
filling factor is given by
ν =
NB
N0 , (14)
here N0 is the number of electrons per unit area without
the magnetic field. When the filling factor is equal to an
integer i it means that all the levels up to that integer i
will be filled. That happens everytime B = i[1− g∗(n+
1)]B0, where B0 = N0φ0.
It is clear that the energy levels are not equally spaced
for g∗ > 0. That is shown in the upper panel of Fig. 3,
where the energy levels are plotted against the magnetic
field. The dashed lines are the usual LL’s. In the lower
panel of the figure one can see the behavior of the 2DEG
Fermi energy against the magnetic field. For strong mag-
netic fields only the lowest energy level is populated. As
the field decreases the other levels are getting populated.
The main effect of the modified space is the shift of Fermi
energy jumps.
The effect of modified space is even more pronounced
for the ground state energy of the system. Figure 4 shows
the oscillations of the ground state energy against the
magnetic field in the upper panel, and against the filling
factor in the lower panel. The solid lines in both panels
are for g∗ = 0. The amplitude oscillations increases as B2
and its period gets smaller as B decreases. The dashed
and dotted lines are for g∗ = 10−4 and g∗ = 5 × 10−4,
respectively. For small values of the magnetic field, and
tiny values of g∗, the oscillations are meaningless and the
energy grows till it starts oscillating for larger values of
B. In the lower panel the oscillations decreases with the
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FIG. 3: The dependence of the energy levels (upper panel)
and Fermi energy (lower panel) on the magnetic field. The
solid lines shows the energies for g∗ = 0.12, and the dashed
lines for g∗ = 0.
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FIG. 4: The dependence of the 2DEG ground state energy
on the magnetic field B (upper panel) and the filling ν (lower
panel). The solid lines shows the energies for g∗ = 0, while the
dashed and dotted lines are for g∗ = 10−4 and g∗ = 5× 10−4,
respectively.
filling factor. For integer values of ν, the ground state
gets a minimum of energy. From the Figure 4 one can
see that this minimum decreases with the filling factor fo
g∗ > 0.
The above results change the electronic and magnetic
properties of the two dimensional electron gas. They are
not related to a quantum harmonic oscillator as in the
case of a flat space. Instead, they are the eigenfunctions
and eigenvalues of the Morse potential V = D(1−e−αx)2.
4This is an anharmonic potential used to describe the dis-
sociation of diatomic molecules. In the PDTO formalism
the harmonic oscillator has in fact the energies and wave
function of the Morse Potential [20]. One important char-
acteristic of such system is that, as one can see from the
energy expression, there is a finite number of quantized
states that depends on the condition n ≤ 1/g∗ − 1.
It is important to remember that g∗ is a dimensionless
parameter related to the metric used and is related to the
anharmonicity of the oscillator. The anharmonicity that
comes from the modified space is analogous to the an-
harmonicity provoked by relativistic effects. Relativistic
corrections introduces anharmonicity through a relativis-
tic mass increase m = (1 + K/mc2)me, where K is the
electron’s kinetic energy. In our formalism the effective
mass can be written as
m =
me
1− g∗2
(
n+ 12
) . (15)
And the shift in the energy levels from the relativistic
corrections ∆E/~ = ωc−δ(n+1) [21, 22](not considering
the spin contribution) is just the result obtained here
with g∗ = δ/ωc.
In summary we have shown that the position depen-
dent translation operator formalism (PDTO) that leads
to an extended uncertainty principle (EUP) is able to give
corrections to the electron mass and consequently to the
energy levels that are analogous to the relativistic cor-
rections. The corrections come directly from the theory
without any ad-hoc inclusion of extra terms in the Hamil-
tonian. We have used the metric g
−1/2
xx = 1 +
√
g∗x/l0,
with a characteristic length defined as the magnetic
length of the system. For g∗ > 0, the system gets an-
harmonic described by the Morse potential. The en-
ergy levels are not equally spaced, leading to the lift of
the spin-up spin-down degeneracy. It also changes the
fermi energy, and the total ground state energy oscilla-
tions. That will be observed in the quantum hall effect,
and in magnetic oscillations like de Haas-van Alphen and
Shubnikov-de Haas oscillations.
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